Introduction {#Sec1}
============

The adiabatic theorem^[@CR1]--[@CR3]^ is a fundamental ingredient in a number of applications in quantum mechanics. Under adiabatic dynamics, a quantum system evolves obeying a sufficiently slowly-varying Hamiltonian, which prevents changes in the populations of the energy eigenlevels. In particular, if the system is prepared in an eigenstate $\documentclass[12pt]{minimal}
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                \begin{document}$$|{E}_{n}\mathrm{(0)}\rangle $$\end{document}$ of the Hamiltonian *H*(*t*) at a time *t* = 0, it will evolve to the corresponding instantaneous eigenstate $\documentclass[12pt]{minimal}
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                \begin{document}$$|{E}_{n}(t)\rangle $$\end{document}$ at later times. The concept of adiabaticity plays a relevant role in a vast array of fields, such as energy-level crossings in molecules^[@CR4],[@CR5]^, quantum field theory^[@CR6]^, geometric phases^[@CR7],[@CR8]^, quantum computation^[@CR9]--[@CR13]^, quantum thermodynamics^[@CR14],[@CR15]^, quantum games theory^[@CR16]^, among others. However, despite such a wide range of applications, both *sufficiency* and *necessity* of quantitative conditions for the adiabatic behavior have been challenged^[@CR17]^. In particular, inconsistencies in the application of the adiabatic theorem may appear for oscillating Hamiltonians as a consequence of resonant transitions between their energy levels^[@CR18]--[@CR20]^. Such inconsistencies have led to a revisitation of the adiabatic theorem, yielding many new proposals of adiabatic conditions (ACs) and bounds for the energy gap in more general settings (see, e.g., refs^[@CR21]--[@CR26]^).

The first experimental investigation on the comparison among these proposals has been considered by Du *et al*.^[@CR27]^, where the authors considered a single nuclear spin-1/2 particle in a rotating magnetic field manipulated by nuclear magnetic resonance (NMR) techinques. It is then shown the violation of both the sufficiency and necessity of the traditional AC, with partial success via some other generalized ACs. It is remarkable such possible violations are already apparent for a single quantum bit (qubit) system. More specifically, the ACs analyzed in ref.^[@CR27]^ can be cast in the form of *adiabatic coefficients C*~*n*~(*t*) which, for a qubit, are given by$$\documentclass[12pt]{minimal}
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                \begin{document}$${C}_{1}=\mathop{max}\limits_{t\in [0,\tau ]}|\frac{|\langle {E}_{0}(t)|\dot{H}(t)|{E}_{1}(t)\rangle |}{{[{E}_{0}(t)-{E}_{1}(t)]}^{2}}|,$$\end{document}$$$$\documentclass[12pt]{minimal}
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                \begin{document}$${C}_{2}=\mathop{max}\limits_{t\in [0,\tau ]}|\frac{d}{dt}(\frac{\langle {E}_{0}(t)|\dot{H}(t)|{E}_{1}(t)\rangle }{{[{E}_{0}(t)-{E}_{1}(t)]}^{2}})|\tau ,$$\end{document}$$$$\documentclass[12pt]{minimal}
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                \begin{document}$${C}_{3}=\mathop{max}\limits_{t\in [0,\tau ]}|\frac{|{d}_{10}(t)|}{|{E}_{1}(t)-{E}_{0}(t)-{{\rm{\Delta }}}_{10}(t)|}|,$$\end{document}$$$$\documentclass[12pt]{minimal}
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                \begin{document}$${C}_{4}=\mathop{max}\limits_{t\in [0,\tau ]}\{\frac{{\tau }^{2}||\dot{H}(t{)||}^{3}}{|{E}_{0}(t)-{E}_{1}(t{)|}^{4}},\frac{{\tau }^{2}||\dot{H}(t)||\cdot ||\ddot{H}(t)||}{|{E}_{0}(t)-{E}_{1}(t{)|}^{3}}\},$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$|{E}_{n}(t)\rangle $$\end{document}$ are eigenstates of *H*(*t*) with energies *E*~*n*~(*t*), *τ* is the total evolution time, $\documentclass[12pt]{minimal}
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                \begin{document}$${{\rm{\Delta }}}_{10}(t)=i{\gamma }_{1}(t)-i{\gamma }_{0}(t)+$$\end{document}$$\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{d}{dt}{\rm{\arg }}[i{d}_{10}(t)]$$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$${d}_{10}(t)=\frac{\langle {E}_{1}(t)|\dot{H}(t)|{E}_{0}(t)\rangle }{{E}_{0}(t)-{E}_{1}(t)}$$\end{document}$, and $\documentclass[12pt]{minimal}
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                \begin{document}$${\gamma }_{n}(t)=\langle {E}_{n}(t)|{\dot{E}}_{n}(t)\rangle $$\end{document}$, with the *dot* symbol denoting time derivative and \|\|·\|\| denoting the usual operator norm. The adiabaticity coefficient *C*~1~ is the well-known *standard* (*traditional*) adiabatic condition^[@CR3],[@CR20],[@CR28]^, while the conditions *C*~2~, *C*~3~ and *C*~4~ as shown above were derived by Tong *et al*.^[@CR22]^, Wu *et al*.^[@CR23],[@CR25]^ and Ambainis-Regev^[@CR21]^, respectively. In general, the adiabatic behavior in a quantum system is achieved when $\documentclass[12pt]{minimal}
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                \begin{document}$${C}_{n}\ll 1$$\end{document}$. In ref.^[@CR27]^, it is shown that the condition *C*~1~ is neither sufficient nor necessary for guaranteeing the adiabatic behavior, while the conditions *C*~2~, *C*~3~, and *C*~4~ seem to successfully indicate the resonant phenomena observed in their specific experiment (even though their validity is debatable for more general quantum systems).

Here, instead of looking for new proposals of ACs, we adopt a different strategy to analyze the conditions in Eq. ([1](#Equ1){ref-type=""}). More specifically, we consider the dynamics of the system in a non-inertial reference frame, where it is possible to show that all the conditions in Eq. ([1](#Equ2){ref-type=""}), including the traditional AC, work with no violations with respect to the exact solution of Schödinger equation. We emphasize that this approach implies in a validation mechanism already applicable for currently adopted adiabatic conditions, yielding a general yet simple solution for analyzing adiabaticity, including in a resonance setting. Therefore, the approach put forward here generalizes that presented originally in ref.^[@CR17]^, where the reference frame change has been used as a tool to reveal inconsistencies in the framework of the standard AC. To carry-out our approach, we consider a Hamiltonian that leads to a failure of all coefficients in Eq. ([1](#Equ3){ref-type=""}), which means that all the ACs in Eq. ([1](#Equ4){ref-type=""}) are neither necessary nor sufficient to describe the adiabaticity of the system. Then, by implementing a change of reference frame, all of ACs are shown to become both necessary and sufficient conditions for the example considered. Remarkably, we can generalize our results to a generic many-body Hamiltonian, where we provide conditions for the equivalence of the adiabatic behavior in both inertial and non-inertial reference frames These theoretical results are realized in a single trapped Ytterbium ion ^171^Yb^+^ system, with excellent experimental agreement.

Results {#Sec2}
=======

Oscillating hamiltonian for a single qubit in trapped ions {#Sec3}
----------------------------------------------------------

Let us begin by considering the Hamiltonian$$\documentclass[12pt]{minimal}
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                \begin{document}$$H(t)=({\omega }_{0}\mathrm{/2)}{\sigma }_{z}+({\omega }_{{\rm{T}}}\mathrm{/2)}\,\sin (\omega t){\sigma }_{x},$$\end{document}$$where we assume $\documentclass[12pt]{minimal}
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                \begin{document}$$|{\omega }_{0}|\gg |{\omega }_{{\rm{T}}}|$$\end{document}$. The set of eigenvectors of *H*(*t*) is given by $\documentclass[12pt]{minimal}
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                \begin{document}$${\alpha }_{n}(t)=\frac{1}{2}\,\cos \,\theta \,\csc (\omega t)[-\mathrm{2(}\,-\,{\mathrm{1)}}^{n}\,\cos \,\theta +{\rm{\Sigma }}]$$\end{document}$, and $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathscr{N}}}_{n}^{2}(t)=1+{\alpha }_{n}^{2}(t)$$\end{document}$, with $\documentclass[12pt]{minimal}
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                \begin{document}$$2\,\cos (2\omega t)\,{\sin }^{2}\,(\theta )$$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$$n\in \{0,1\}$$\end{document}$. The energies are $\documentclass[12pt]{minimal}
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                \begin{document}$${E}_{n}(t)=-{(-1)}^{n}{\omega }_{0}\sec (\theta ){\rm{\Sigma }}/4$$\end{document}$. Here we describe the system dynamics by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\dot{\rho }(t)=(\,-\,i/\hslash )[H(t),\rho (t\mathrm{)].}$$\end{document}$$

The experiment is performed using a single Ytterbium ion ^171^Yb^+^, which is trapped in a six needle Paul trap, with the experimental setup schematically shown in Fig. [1](#Fig1){ref-type="fig"}. The qubit is encoded in the hyperfine energy levels of ^171^Yb^+^ (a hyperfine qubit), represented as $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{|0}\rangle \equiv {}^{2}S_{\mathrm{1/2}}\,|F\mathrm{=0,}\,{m}_{F}\mathrm{=0}\rangle $$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$|1\rangle \equiv {}^{2}S_{1/2}\,|F=1,\,{m}_{F}=0\rangle $$\end{document}$^[@CR29]^. We coherently drive the hyperfine qubit with a programmable arbitrary waveform generator (AWG)^[@CR30]^ after Doppler cooling and standard optical pumping process. A 369.5 nm laser is used for fluorescence detection to measure the population of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{|1}\rangle $$\end{document}$ state. Observation of more than one photon implies population in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{|1}\rangle $$\end{document}$.Figure 1Experimental setup for the validation of the adiabatic dynamics through non-inertial frames. The single ^171^Yb^+^ ion is trapped in a six-needle Paul trap. The qubit is encoded in the hyperfine energy levels and coherently driven with a programmable AWG. The 369.5 nm laser is used to implement the quantum state detection.

The system is initialized in the state $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{|0}\rangle $$\end{document}$ with optical pumping, so that the adiabatic dynamics is achieved if the system evolves as $\documentclass[12pt]{minimal}
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                \begin{document}$$|{\psi }_{{\rm{ad}}}(t)\rangle =|{E}_{1}(t)\rangle $$\end{document}$, up to a global phase. It is possible to show that the Hamiltonian presents a near-to-resonance situation when we set $\documentclass[12pt]{minimal}
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                \begin{document}$$|\omega -{\omega }_{0}|\ll |{\omega }_{{\rm{T}}}|$$\end{document}$. Thus, to study the adiabaticity validity conditions in our Hamiltonian in Eq. ([2](#Equ5){ref-type=""}) we compute the coefficients in Eq. ([1](#Equ1){ref-type=""}) for different values of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$. In our experiment, we set the detuning $\documentclass[12pt]{minimal}
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In Fig. [2](#Fig2){ref-type="fig"}, we experimentally compute the fidelity of obtaining the system in the $\documentclass[12pt]{minimal}
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                \begin{document}$$ {\mathcal F} (t)=|{\rm{Tr}}[\rho (t){\rho }_{{\rm{ad}}}(t)]|$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho (t)$$\end{document}$ is solution of the Eq. ([3](#Equ6){ref-type=""}) and $\documentclass[12pt]{minimal}
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                \begin{document}$${\rho }_{{\rm{ad}}}(t)=|{E}_{1}(t)\rangle \langle {E}_{1}(t)|$$\end{document}$. We show the experimental results for three different situations, where we have $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega \gg {\omega }_{0}$$\end{document}$. Therefore, all the ACs provided by Eq. ([1](#Equ2){ref-type=""}) are not necessary, once we have adiabaticity even in case where the ACs are not obeyed. On the other hand, in the near-to-resonance situation we have no adiabaticity (once the fidelity is much smaller than 1), in contrast with Fig. [3(a)](#Fig3){ref-type="fig"}, where we get $\documentclass[12pt]{minimal}
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                \begin{document}$${C}_{n}\lesssim {10}^{-2}$$\end{document}$. Therefore, the ACs are not sufficient for studying the adiabatic behavior of our system. In conclusion, rather differently from the system considered in ref.^[@CR27]^, all the ACs provided by Eq. ([1](#Equ3){ref-type=""}) are not applicable to the dynamics governed by the Hamiltonian in Eq. ([2](#Equ5){ref-type=""}). These results imply that a direct application of the ACs yields neither sufficient nor necessary.Figure 2Theoretical and experimental fidelities for the quantum dynamics. The symbols and lines represent experimental data and theoretical results, respectively. The error bars are obtained from 60,000 binary-valued measurements for each data point and are not larger than 1.6%. We set $\documentclass[12pt]{minimal}
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At this point, providing a new condition for adiabaticity could be a natural path to follow. Nevertheless, in order to investigate the applicability of ACs, we will implement, similarly as in classical mechanics, a transformation to a non-inertial frame in Schrödinger equation. By considering frame representation in quantum mechanics, Eq. ([3](#Equ6){ref-type=""}) can be taken as Schrödinger equation in an inertial frame^[@CR31]^. To introduce a non-inertial frame, we can perform a rotation using the unitary time-dependent operator $\documentclass[12pt]{minimal}
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                \begin{document}$${\overrightarrow{\sigma }}_{xy}={\sigma }_{x}\hat{x}+{\sigma }_{y}\hat{y}$$\end{document}$. Now, if we compute the conditions *C*~*n*~ considering the set of eigenstate and energies of the new Hamiltonian *H*′(*t*) we obtain the curves shown in Fig. [3(b)](#Fig3){ref-type="fig"}. Thus, considering the results in Figs [2](#Fig2){ref-type="fig"} and [3(b)](#Fig3){ref-type="fig"}, it is possible to conclude that the coefficients *C*~*n*~ computed in the non-inertial frame allow us to successfully describe the adiabaticity of the inertial frame. This is in contrast with previous results, which indicated that the ACs may be problematic as we consider oscillating or rotating fields in resonant conditions^[@CR19],[@CR20]^. In particular, notice that even the traditional AC, when analyzed in this non-inertial frame, becomes *sufficient* and *necessary* for the adiabatic behavior of the single-qubit oscillating Hamiltonian in Eq. ([2](#Equ5){ref-type=""}). Moreover, it is worth highlighting that the conditions *C*~1~, *C*~2~, and *C*~3~ vanish for a far-from resonance situation, while condition *C*~4~ presents an asymptotic value of $\documentclass[12pt]{minimal}
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Validation mechanism for ACs and frame-dependent adiabaticity {#Sec4}
-------------------------------------------------------------

We now establish a general validation mechanism for ACs connecting inertial and non-inertial frames, with special focus on cases under resonant conditions. This approach is applicable beyond the single-qubit system previously considered, holding for more general multi-particle quantum systems. First, it is important to highlight that rotated frames have been originally considered by Marzlin and Sanders in ref.^[@CR17]^. More specifically, they show an example of inapplicability of the adiabatic approximation for highly oscillating Hamiltonians governing a two-level system. Rotated frames were then applied in order to analytically solve the quantum dynamics. Here, the results of ref.^[@CR17]^ are generalized, with the role of non-inertial frames explicitly formalized and extended to discrete quantum systems of arbitrary dimensions.
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### **Theorem 1** {#FPar1}

*Consider a Hamiltonian H*(*t*) *and its non-inertial counterpart* $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau $$\end{document}$ *denoting the total time of evolution*. *Conversely*, *if the adiabatic dynamics in the non-inertial frame starts in* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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The proof is provided in Method section. Notice that Theorem 1 establishes that, if Eq. ([5](#Equ8){ref-type=""}) is satisfied, then a non-adiabatic behavior in the non-inertial frame ensures a non-adiabatic behavior in the original frame and vice-versa, provided that the evolution starts in a single eigenstate of the initial Hamiltonian. Then, we can apply this result to general time-dependent resonant Hamiltonians, since we have no restriction on the Hamiltonian in Theorem 1. A typical scenario exhibiting resonance phenomena appears when a physical system is coupled to both a static high intensity field $\documentclass[12pt]{minimal}
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If we have a far-from-resonance situation, we can approximate the dynamics obtained from $\documentclass[12pt]{minimal}
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As shown in Method section, by considering the generic Hamiltonian in Eq. ([6](#Equ9){ref-type=""}), we obtain that Eq. ([5](#Equ8){ref-type=""}) in Theorem 1 is automatically satisfied if the quantum system is in a *far-from resonance* configuration $\documentclass[12pt]{minimal}
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Revisiting the problem of the spin-1/2 particle in a rotating magnetic field {#Sec5}
----------------------------------------------------------------------------

We now apply our general treatment to the NMR Hamiltonian discussed by Du *et al*.^[@CR27]^. The dynamics describes a single spin-1/2 particle coupled to a static field $\documentclass[12pt]{minimal}
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### **Theorem 2.** {#FPar2}

*Consider a Hamiltonian H*(*t*) *and its non-inertial counterpart* $\documentclass[12pt]{minimal}
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The proof is provided in Method section. Notice that Theorem 2 can be applied to any time-dependent Hamiltonian *H*(*t*) associated with a constant non-inertial counterpart $\documentclass[12pt]{minimal}
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Conclusion {#Sec6}
==========

We have introduced a framework to validate ACs in generic discrete multi-particle Hamitonians, which is rather convenient to analyze quantum systems at resonance. This is based on the analysis of ACs in a suitably designed non-inertial reference frame. In particular, we have both theoretically and experimentally shown that several relevant ACs \[provided by Eq. ([1](#Equ2){ref-type=""})\], which include the traditional AC, are sufficient and necessary to describe the adiabatic behavior of a qubit in an oscillating field given by Eq. ([2](#Equ5){ref-type=""}). In this case, sufficiency and necessity are fundamentally obtained through the non-inertial frame map, with all the conditions failing to point out the adiabatic behavior in the original reference frame. The experimental realization has been performed through a single trapped Ytterbium ion, with excellent agreement with the theoretical results. More generally, the validation of ACs has been expanded to arbitrary Hamiltonians through Theorems 1 and 2, with detailed conditions provided for a large class of Hamiltonians in the form of Eq. ([6](#Equ9){ref-type=""}). Therefore, instead of looking for new approaches for defining ACs, we have introduced a mechanism based on "fictitious potentials" (associated with non-inertial frames) to reveal a correct indication of ACs, both at resonance and off-resonant situations. In addition, as a further example, we discuss how the validation mechanism through non-inertial frames can be useful to describe the results presented in ref.^[@CR27]^, where the adiabatic dynamics of a single spin-1/2 in NMR had been previously investigated. More general settings, such as decoherence effects, are left for future research.

Methods {#Sec7}
=======

Proof of theorem 1 {#Sec8}
------------------
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Thus, Eq. ([14](#Equ17){ref-type=""}) establishes a necessary and sufficient condition to obtain an adiabatic evolution in the non-inertial frame, assuming an adiabatic evolution in the original frame. To conclude our proof, let us consider the converse case, where the system starts in a eigenstate of $\documentclass[12pt]{minimal}
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Therefore, by using the same procedure as before, we get the condition$$\documentclass[12pt]{minimal}
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Application of theorem 1 to a time-dependent hamiltonian for a single oscillating field {#Sec9}
---------------------------------------------------------------------------------------

Let us consider a generic system under action of a single time-dependent oscillating field with characteristic frequency $\documentclass[12pt]{minimal}
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Proof of theorem 2 {#Sec10}
------------------
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This concludes the proof of Theorem 2.

Asymptotic behavior of the adiabaticity parameters *C*~*n*~ {#Sec11}
-----------------------------------------------------------

Due to the large analytical expressions for the eigenstates and eigenvalues of the Hamiltonian, it is suitable to analyze the quantities *C*~1~, *C*~2~ and *C*~3~ from a numerical perspective. By applying a such a treatment, we can show that in the regime where $\documentclass[12pt]{minimal}
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